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Abstract 
Stem, M., Dually atomistic lattices, Discrete Mathematics 93 (1991) 97-100. 
We give necessary and sufficient conditions for a lattice of finite length to be dually atomistic. 
The results are applied to the semimodular case yielding some generalizations of well-known 
results on modular lattices of finite length and on geometric lattices. 
1. Introduction 
We consider only lattices of finite length. If L is such a lattice, its leahit and 
greatest elements are denoted by 0 and 1, respectively. By L* we denote the 
lattice dual to L. The interval [a, b] (a, 6 E L) is the set of all x E L for which 
a s x s b. An interval of the form [a, l] (a # 1) is called an upper one. If x is a 
lower cover of y (x, y E L), we write x + y; in this case we also say that y is an 
upper cover of X. An element u E L is called join-irreducible (respectively 
meet-irreducible) if it has exactly one lower cover (respectively upper cover) in L 
which will be denoted by u’ (respectively u*). By J(L) (respectively M(L)) we 
denote the set of all join-irreducible (respectively meet-irreducible) elements of a 
lattice L. An atom is a join-irreducible element whose lower cover is 0. A iattice 
is called atomistic if each of its elements is a join of atoms. A dual atom is a 
meet-irreducible element whose upper cover is 1. A lattice is called dually 
atomistic if each of its elements is a meet of dual atoms. 
A lattice L of finite length is called u.pper semimodular (briefly: semimodular) 
if, for each a, b E L, 
a A b-;a implies b+a v b; 
L is called lower semimodular if, for LZ, b E L, 
b -t a v b implies a A b -t a. 
Faigle [2] introduced the concept of strongness in the sense of 
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Definition 1. A lattice L of finite length is called strong if, for all join-irreducible 
elements u E J(L) and for all x E L, 
u~xvu’ implies u sx. 
The following result shows that strongness may be viewed as an extension of 
lower semimodularity. 
Lemma 2 (Faigle, unpublished). A lower semimodular lattice of finite length is 
strong. 
Proof. Let L be a lower semimodular lattice of finite length and assume that L is 
not strong. Then there exists (see Definition 1) a join-irreducible element 
u EJ(L) such that 
uQVil.4’ but u+x. 
Without loss of generality suppose x to be an element of maximal height having 
these properties. Then x must be a lower cover of x v u’. By lower semi- 
modularity it follows that 
u’AX+U’. (1) 
Moreover x -C (x v u’ = )x v u implies by lower semimodularity that u A x 4 u, 
that is, u A x = u’. This means u’ dx and thus u’ AX = u’ contradicting (1). This 
proves the lemma. 0 
It is easy to see that the converse does not hold, that is, a strong lattice of finite 
length is not lower semimodular, in general. As an immediate consequence of 
Lemma 2 we get that any modular lattice of finite length is strong. It is also not 
difficult to give examples of (upper) semimodular lattices which are strong but 
neither modular nor atomistic (note that an atomistic lattice is trivially strong). 
The lattice of Fig. 1 is the standard example of an upper semimodular lattice 
which is not strong. We also remark that there are several characterizations for an 
upper semimodular lattice of finite length to be strong (see e.g. Faigle-Richter- 
Stern [3] and Stern [5]). 
Fig. 1. 
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2. Dually atomistic lattices 
First we give a necessary and sufficient condition for an arbitrary lattice of finite 
length to be dually atomistic. 
Theorem 3. A lattice of finite length is dually atomistic if and only if each atom of 
each upper interval has a complement in this inter&l. 
Proof. It suffices to show the assertion for the upper interval [0, l] = L. Thus, if 0 
is a meet of dual atoms, then to each atom there exists a dual atom incomparable 
with it and hence being a complement. Conversely observe that if an atom has a 
complement, then there exists a dual atom also being a complement. Hence, if 
the meet of all dual atoms were not 0, then we had an atom having no 
complement. This proves the assertion. Cl 
Next we co&&r lattices of finite length whose greatest element is a join of 
atoms. For these lattices we relate the property of being dually atomistic to the 
strongness of the dual lattice. 
Theorem 4. Let L be a lattice of finite length whose greatest element is a join of 
atoms. Then L is dually atomktic if and only if the dual lattice L* is strong. 
Proof. If k, is dually atomistic, then the dual lattice L* is obviously strong 
(regardless whether the greatest element is a join of atoms or not). Conversely let 
L be a lattice of finite length whose greatest element 1 is a join of atoms and 
assume that the dual lattice L” is strong. Assume further that d E M(L) is a 
meet-irreducible lement which is not a dual atom. Since 1 is a join of atoms, 
there exists an atom p such that d* 3 p. It follows that d s p A d* = 0. On the 
other hand, we have d # contradicting our assumption that L* is strong. Hence 
each meet-irreducible is a dual atom, that is, L is dually atomisitic, and the 
theorem is proved. Cl 
3. Applications to semimodular lattices 
As a first consequence, we have the following. 
Corollary 5 (see Stern [4]). A complemented (upper) semimodular lattice of finite 
length is dually atomistic. 
Proof. Let L be an upper semimodular lattice of finite length. Tnen L* is strong 
by the dual of Lemma 2. If L is complemented, then 1 is a join of atoms (see 
Birkhoff [l]). It follows from Theorem 4 that L is dually atomistic. 0 
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The lattice of Fig. 1 shows that if a semimodular lattice of finite length is dually 
atomistic, it need not be complemented. On the other hand, if a semimodular 
lattice of finite length is also strong, then the property of being dually atomistic is 
equivalent o complementedness. This is a consequence of the following. 
Corollary 6. Let L be a strong semimodular lattice of finite length. Then the 
follo wi,lg conditions are equivalent : 
(i) L ik atomistic; 
(ii) I is a join of atoms; 
(iii) L is dually atomistic ; 
(iv) 0 is a meet of dual atoms. 
Proof. (i) 3 (ii). Obvious. 
(iij + (iii). If 1 is a join of atoms, then L is complemented (see Birkhoff [ 11) 
and the assertion follows from Corollary 5. 
(iii) + (iv). Obvious. 
(iv) 3 (i). Follows from the dual of Theorem 4. Cl 
As a further consequence we have the following. 
Corollary 7. If a strong semimodular luttice of finite length is complemented, then 
it is relatively complemented. 
Proof. If a semimodular lattice of finite length is complemented, then 1 is a join 
of atoms. If such a lattice is moreover strong, then it is also atomistic by Corollary 
6. The assertion follows now from the fact that an atomistic semimodular lattice 
of finite length is relatively complemented (see Birkhoff [ 11). Cl 
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